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SOLUTION OF THE SINGULARLY PERTURBED STABILITY PROBLEM*
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The singularly perturbed problem of the stability /1/ of solutions of a
system of differential equations with derivatives multiplied by various
powers of small parameters is considered. The effect of small parameters
on the system dynamics is examined and the conditions under which the
stability problem for the original system can be reduced to the analysis
of a truncated system in special cases are determined. The general
approach, based on separation of motions combined with methods of
stability theory, enables the permissibility of idealizations /2/ in
problems of mechanics to be examined (with a mathematically rigorous
construction /3/ of simplified models as comparison systems for solving
singularly perturbed problems) and enables estimates of the allowed
parameter values to be obtained. The regular method used in this paper
avoids a number of difficulties that arise in applied problems of
mechanics, while generalizing existing results and producing a number of
new results. The analysis focuses on problems of the dynamics of
electromechanical systems in special critical cases.

1. Focusing on applications to problems of the dynamics of electromechanical systems
(EMS) , we will formulate the problem for an EMS modelling a gyrostabilization system /4/ in
the critical case /1/. We know /5, 6/ that under appropriate assumptions the state of this
EMS, characterized by a collection of n Lagrange and u# Maxwell generalized coordinates, can
be described by equations in general dynamic Maxwell-Lagrange (or Gaponov) form /7/. For
the systems considered in this paper, the differential equations of perturbed motion can be
represented in the form /8/ (we retain the notation of /8/, without the assumption of fast
gyroscopes)

d . . ’ ”
a7 2du + (0 + &) qar’ = Qur’ + Que + Qu {1.1)
d . . , . 9 .
a2 Lag’ + Rqe’ = Q& + Qen + Q&' —‘;—?‘;=qu
a =1qu@li"s Qu' =—equ, Que= Ange’, A =10, 4|F

Qey = Bequ';' B =0, B|l, Q2 = —(eq, + Qqz)

Here qm is the n-dimensional vector of mechanical generalized (Lagrange) coordinates,
g, is the l-dimensional vector of mechanical control coordinates, qz is the u-dimensional
vector of electrical generalized (Maxwell) coordinates, a = a(qum) and b =b(qy) are
(n X n) symmetric matrices of the positive definite quadratic form representing the kinetic
energy of the mechanical part of the system and the positive semidefinite gquadratic form in
the expansion of the dissipative function of viscous friction forces, respectively, g=g (qu)
is the skew-symmetric matrix of gyroscopic coefficients, L =|/ L, || and K = R (qz) are
(w X u) symmetric matrices of positive definite quadratic forms representing the electro-
magnetic energy of the system and the dissipative current function, respectively, L,, are
the coefficients of selfinduction and mutual induction of the windings in electrical
circuits, e =e(qu)is the (rnXn) matrix of potential and non-potential forces, which depend
on generalized coordinates, Qug and Qenm are the mechanical generalized forces of electro-
magnetic origin (ponderomotive forces) and the electrical generalized forces of mechanical
origin (counter-emf), A =| A (L)l is an (Ixw) matrizx, B=|[Bg(L,)|lis a (x x I) matrix,
Qz" is the vector of electrical generalized forces corresponding to electrical generalized
coordinates and Qu" and Qg” are sets of non-linear terms which depend on qu, @', qz .
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system (1.1) is of order (27 --u). A simplified model is often used in applications
for analysing the dynamic properties of such systems (including their stability). In
particular, assuming that the electrical circuits of servo-systems have a low inertia and
treating the corresponding terms in the differential equations as small terms, we will ignore
them and change to a truncated (idealized) model with inertialess electrical circuits /4, 9/
of the form

2 aqy’ + O+ @ o = Qu’ + Qu + Qur” (1.2)
— d
Res" = Q=" + Q& ‘%¥'==QM-

The order of this system is 2n, i.e., lower than the order of the original system (1.1).
We therefore need to rigorously 7justify the transformation to the truncated model in an
infinite time interval (especially in stability problems). Note that the solution of such
problems by various methods has been considered in many publications, including solutions for
EMS of various types (see, e.g., /10, 11/), but the construction of model (1.2) as a comparison
system for (1.1) is not considered in a rigorous framework in the literature. No conditions
for the admissibility of such a system have been derived either.

A detailed analysis shows that these systems have singularities of the same kind as
gyroscopic systems /8, 12/. This complicates the direct application of the results of
singular perturbation theory. The EMS correspond to a class of singlarly perturbed systems
/13/ whose differential equations can be represented as equations with the derivatives multi-
plied by various powers of small parameters. The motions in system (1.1) under the above
assumptions are divided into three types of components with different time scales; the
truncated sytsem (1.2) is not a limiting model for {(1.1). Yet these problems can be very
efficiently solved by the methods of Lyapunov stability theory /2, 14/.

2. 1In view of the above, we consider the stability problem as a singularly perturbed
problem for systems of this type. Assume that the differential equations have been reduced
to the form

plade/dt = K (t, p,%) 1 =1,2,3), ay =1, 0 =2, 043 =0 (2.1)

where p is a small positive parameter.
Assuming that in general the systems have a manifold of stationary states, we put

wi=x%, ¥z=|xgz}iT, K,=Puwx+X,tpzx) (=1 2)
K=l1Pa ) x+ X5t oz, %), Z{ 0z, 9007, x = x5 X, X5 [I7

where X; are ni~dimensional vectors of the main variables (n=1n, +n, +n;) and g is the
m-dimensional vector of critical /1/ variables. We assume that all functions in (2.1) are
holomorphic in all the variables z, x {in some domain), X, and 2 are non-linear vector
functions of £, u, 2z and X whose expansion does not contain terms of lower than the second
degree with coefficients which depend on ¢ and p that vanish for x=0 and any £, u and z,
and K;{f, p = 0, 2, x) does not contain terms with the fast variables X;.

System (2.1) is of the order of (n + m). Consider the following problems: find the
conditions when the solution of the problem of stability for system (2.1) can be reduced to
the analysis of the stability of the truncated model; establish if the solution of the
complete problem is close to the solution of the truncated system on an infinite time interval;
find a technique for constructing an admissible truncated model for which reduction is valid
in a dynamic setting. To solve these problem, we extend the method applied in /8, 15/ for
special cases of systems of the form (2.1). Following /2/, we construct simplified models of
various levels, introducing various approximate systems in accordance with our procedure.

As an approximate system for (2.1), we use the system linearized in u {as is usually
done in stability theory):

B % =P*x 4+ X 0=P*x+ X" 2.2

dx 3 _ gk
—d: =P+ X% 5= VA

This is a system of order (# + m — ny), and the asterisk denotes the retained terms with

u of not higher than first degree.
Then consider a system of zeroth order in p as an approximate system for (2.1}:
2

a
0=Px+X(i=12, $=Px+X, F=12 (2.3)
Pi=Pip=0, X=X (t,u=02x (=123
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Z=2{@p=0,2X)

This is the degenerate system of order (n; + m) traditionally used in perturbation
theory.

3. We solve the singularly perturbed problem of the stability of (2.1), (2.2). Here
we have the critical case /1/: the characteristic equation of the first-approximation system
for {2.1) has m zero roots. The other roots are determined from the eguation

DR w=IM@r—PWl =0 (3.1)

and D (A, W) = f; (A ) + B (p, 1) =0, where f, (A, p) is a polynomial in A which is obtained
from D (A ) when only terms linearized in u are retained in each element of the determi-
nant.

For system (2.2), the characterstic equation has the form A™D, (A, p)= 0, where D, (A, p) =
f; (A p).  The equation

Dy (b ) =0 3.2
is called the truncated equation, and the eguations
ﬁE e Pu - Plz
== = 0
Dl (ﬁ) ""Pg;[ — Pnz (3_3}
Dy{a)=|QE Pyl =0 (3.4)

are called auxiliary equations.
The methods of stability theory /1, 2/ lead to the following proposition.

Theorem 1. 1If for |P (0)|s£0, | Py (0)]5% 0 Egs.(3.2) and (3.4) satisfy the Hurwitz con-
ditions, then for sufficiently small u the property of stability (asymptotic or non-asymptotic)
of the zero solution of system (2.2) implies the corresponding property of stability of the
zero solution of system {2.1).

For m >0, any solution of system {2.1) of the form 2z =0C, x=0 (JC]] is sufficiently
small) is also stable. The full system (2.1) has the holomorphic integral z--®@(t u,z, X)=
A; the truncated system (2.2) has an integral of the form z-F@(t, u,z,x,, x;)=B, where @
and @ are holomorphic non-linear vector functions annihilating for x =0 and x, =0, x3 =0
respectively, whose expansions contain no terms of lower than second degree in the variables
%z, Xx; A and B are arbitrary constant vectors, and

@ (2,110 2, %) = Py {1, 7, X5} + pDy (£ P 2,X)
@ (8 1t 2, Xy X3) = @ (8, 21 Xs) + U1 (£ s %y X0 X5)

where @, and ¢, are identical on the solutions of the degenerate system.

Proof, Without going into details, we will highlight the main points of the proof (the
proof is similar to that in /8/). For sufficiently small u, under the condition of Theorem 1,
the truncated system (2.2} can be represented in the form

dX1
b =P

d X oo dz _ —
gerefilere gor

Xl“ + X (3.5)
X3

This is a Lyapunov system /1/.

Denote by A = A(p) the roots of Eq.(3.1) and by &4 = Ay (i} the roots of Eq.(3.2). We
can show that for [P (0) [# 0, | P, (0)) %= 0, s roots A and A, tend as p-+0 to the values
Ay of the roots of the degenerate equation

D,(A)=DM0=0 {3.6)
and are equal to these roots in the limit; n, roots A and A, may be represented in the
form A(p)=B{(p/p and Ay (n) = By (/B respectively, where B(w) and Pu(n) tend as
>0 to the values P, of the roots of Eq.(3.3) and are equal to these roots in the
limit. Estimating the errors AA = A (p) — Ay, AAy = Ay (1) — A, for the roots of the first
group and AP = p (1) — By, APs = By (1) — By for the roots of the second group, we can show
that for sufficiently small p,(r, + n;) roots of Eq.(3.1) have negative real parts if the
truncated Eq.(3.2) satisfies the Hurwitz conditions. The remaining r, roots of Eq.(3.1)
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for sufficiently small u have negative real parts if Eq.(3.4) satisfies the Hurwitz conditions.
Hence we obtain that under the given conditions our systems for sufficiently small n
satisfy all the conditions of the corresponding Lyapunov thecrems /1/, which proves Theorem 1.

Remarks. 3.1. This result defines the conditions when the singularly perturbed problem
of the stability of systems {2.1), {(2.2) has a solution (including the critical case m>0).
These conditions, in general, can be rewritten in a different form, noting that for suf-
ficiently small w all the roots of the truncated Eq.(3.2) lie in the left halfplane if the
equations D, (M =0 and D;(#)=0 satisfy the Hurwitz conditions.

3.2. A similar result has been obtained for the singularly perturbed problem (2.1) and
{2.3). We have determined the conditions when the truncated model corresponding to the
limiting system is well posed.

3.3. The proposed method, combining the methods of stability theory and perturbation
theory, can also be used to estimate the values p for which the reduction to the truncated
model is permissible. To this end, we need to consider the two subsystems into which the
original perturbed system splits (in our setting): the subsystem corresponding to slow
variables and the subsystem corresponding to fast variables. Following Chetayev /2/ and
imposing conditions that ensure the stability of the solutions of the complete system (2.1}
when the solutions of each of these subsystems are stable, we can obtain relationships for
the allowed values of u. Both the first and the second Lyapunov method may be used.

4. The problem of the stability of these systems is directly related to the problem of
the closeness of the solutions of the complete and the truncated systems. The latter problem,
as we known /2, 14/, is closely linked with Lyapunov theory and methods. Let us determine
under what conditions the corresponding solutions of systems (2.1) and (2.2) are close in an
infinite time interval. Denote by X = X{t, p), 2 =% (¢, p) the solution of system {2.1) with
the initial conditions x, = X {f,, u), %, =z {f, B} and by x* = x* (I, u)y 2* = 2% (, u) the
solution of the truncated system (2.2) with the initial conditions Xp* = x*{t, p) (i =1, 3},
7t = z* (4, b)Y, and x*=£ (f, p, 2%, X%, X;%), where X, ={,{t, i, % X;, X3} is the solution of the
algebraic equation in system {2.2), O =P*x + X,*, for the variable X,

The methods of stability theory prove the following theorem.

Theorem 2. If for | P (0)|+0 Egs.(3.3), (3.4) and (3.6) satisfy the Hurwitz conditions,
then for sufficiently small u for given numbers ¢ >0,8>0,9y>0 (where & and y may be
arbitrarily small) there exists 4 such that the perturbed motion for 0 < p < p, satisfies
for all £>>1#, -~y the inequalities flx —x*||<Ce, |lz—e*||<Ce, if xp=Xp* (i = 1, 3), 2, = 2%

[f Xgo— xp0* f << O.

Without giving the detailed proof, we merely note that it involves investigating the
solutions of systems (2.1) and (2.2) for sufficiently small u, for which x4 = x* (i = 1, 3},

Z, = %,*. Following Chetayev, we introduce the variables a==3 — z*, b; =x; —x* (i=1,2,3)
and consider the differential equations for & that correspond to non-critical variables.
These are obtained for Egs.(2.1) and (2.2) and their integrals

widby/dt = B; (¢, p, b) (i =1, 2), dbydt = B, {t, p, b) (4.1)

The behaviour of the variables a, b is investigated in an infinite time interval, noting
that af{t) =0,b () =0 =1,3),1Ib (f)<< 8, 6>0 is a given number.

Analysing system (4.1) and the structure of the integrals, we can show that under the
given conditions these solutions have the following property: for given numbers g 8, v (&
and 7 may be arbitrarily small), there exists My >0, such that for 0 << p<py for all
t>>1,+y we have {all<<e, [|bi<<e with the given initial values. This proves the
proposition.

Remarks. 4.1. A similar problem has been considered for system (2.1}, {(2.3).

4.2. Our analysis gives the conditions when the truncated model is permissible (in the
problem of stability, in the problem of the dynanmic characteristics of the transients). These
studies are not only of theoretical interest (they generalize the results of singular per-
turbation theory to this critical case and this simplified system): they are also of interest
in applications to problems of mechanics (in particular, to problems of EMS dynamics) .

5. As an application of our results, let us consider the problem of stability for the
EMS described in Sect.l {in the critical case of m zero roots) as a singularly perturbed
problem. We will construct the truncated model (as a comparison system) and determine the
conditions when the reduction to the truncated model is permissible.

We denote as (5.1) the initial equations of motion represented in the form (1.1) (they

are not written out in full here). Take a ==llay, allT, b =1b, B )|, g =1 g1, 8217, €= 0, where
a, by, 8 (i =141,2) are appropriately dimensioned submatrices ({a,b,& are (m Xnpm=n— 1,
m > 1), In accordance with the proposed approach, treating the EMS as a singularly per-

turbed system, we reduce Egs.(5.1) to the form (2.1). Assuming fast transients in the
electric circuits of the servo-systems and putting
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Lypy = Lo ", Ay = A"t Byy=By*p, T=pt (5.1)

dq . : dq
xl=a‘7““,:‘!"') x!=L‘qE1 Xy == (1, Z= R4 d:{ +(blo+glo)qM

where k>0 is a small parameter, we represent the equations in new variables in the form

%‘ =—@+2) 5+ A%+ X (nnx) (5-2)
pz% =-"‘RX,—€!)xa-- ,+p’§”x1+xa(p, z, X)
d d
T =dmn =g Xy

In accordance with the previous results, we obtain that, for EMS with low-inertia
electric circuits, two types of simplified models can be constructed, one corresponding to a
truncated system linearized by u (of the form (2.2}) and another corresponding to a limiting
system in p {(of the form (2.3). Thus,

3 aqu’ + (0 + 2) qu’ = Quz + Qu’ (5.3)

- di
Rqx = Q&' + Q& —;ti =qu
&+ g an = Que+ Qu’ (5.4)

. o, dg, .
Ree' = Q' + Q&"s —-=aqu

of orders 2n and n, respectively. These approximate systems may be used as comparison
systems (simplified models) for the original system of order (Zn -+-u) under appropriate
conditions. In particular, it follows from our results that the transition to system (5.3)
in the stability problem is permissible if y is sufficiently small (the time constants of
the electric circuits are sufficiently small) and the equations

LA+ R "+ Q| =0, |aA+ b+ =0 5 5
| (5.5)
b+t ) O
(CAR A1 E — A°

P b Ty

satisfy the Hurwitz conditions.
The stability property is then preserved and the solution of the complete system is
close to the solution of the approximate system in an infinite time interval.

Remarks.5.1 Systems{5.3) (the linearized model) is identical with the well-known approxi-
mate model used for such EMS in /4, 9/. System (5.4}, constructed here as a model that is
limited (in u), is a new approximate model, which is not traditional for problems of EMS
dynamics and is fundamentally different from the known numerical models /9/ {we do not make
any assumptions about the properties of the gyroscopes and the matrix g).

Example. Consider a uniaxial gyrostabilization system /4, 8/ modelled as an EMS with
absolutely rigid elements, in which the stabilizing motor is a DC motor with independent
excitation and with armature current control. We allow for the finite transient time in the
electric circuits of the servo-systems.

The equations of perturbed motion may be represented /8/ in the form {1.1), where r=2,

u=
AP bf’ — Ha' =y Ja b’ HB =~ gpgia - (5.6)
3
N Lyt R = Eg kL. (k==1,2,8)
J=1

E; = —of, By = —Qi; b gz’ Eg == 0

In accordance with the previous results, for systems with low-inertia electric circuits
(Lyj= Lgg*ms ko j=1, 2, 3; gpy = d;y,gE== fe*n) we may represent (5.6) as a singularly perturbed
system of the form (5.2) and construct two types of simplified models. The model, linearized
by u, which is the old variables corresponds to a system of equations of the fourth order
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AP+ b — Ha = L Ja b o+ BB = —gpiy b L ©.7
Ry = —of+ ..., Rgipg= —Qi; + ..., Rgig= ...

corresponds to the well-known model /4/. The transition to (5.7) from the original system
(5.6) of seventh order is permissible for sufficiently small u, if in accordance with the
conditions of Sect.5 b0 (or b =+0). HuogyQ@>0, and the equation |[LA+ R+ Q|=0
satisfies the Hurwitz conditions. Then the truncated model (5.7) is permissible in our

sense if p< p, The estimate p, obtained here in line with Remark 3.3 following the ideas
of /2/ and using relationships of the form sup;|Re Ak;|<Cinf; | Re Ak | defines the region of
allowed parameter values. 1In a special case (b =0, Ly* 0, all other Li*=0(k=j)), we
obtain

< inf RRboH RyR,H® | LgyRa — LaaRs| JRs
M JQo ' AQebs ' (Lals— L) gy

Note that a simpler model is also valid in this case: it corresponds to the p-limited
system

bf — Ha' = ..., b’ + HP = —gpia + ..
Ry, = —oB 4 ..., Ryta = —Qiy ..., Rgig = ...

The transition to this second-order model is permissible when the inertia of the electric
circuits in the EMS is sufficiently low and the corresponding conditions, similar to the above,
are satisfied.
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